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Intertemporal CAPM and the Cross-Section of Stock Returns

Abstract

This paper develops an asset pricing model based on Merton’s (1973) Intertemporal
Capital Asset Pricing Model in which an asset earns a risk premium if it performs poorly
when prospects of investing for the future turn sour. The model is develop in a framework
with time-varying expected market returns and time-varying market volatilities to reflect
the changes in the investment opportunity set of the economy. Assuming the pricing
kernel depends only on the consumption growth rate and the aggregate market return,
Campbell’s (1993, 1996) technique of substituting out aggregate consumption using the
aggregate budget constraint delivers two key insights. First, the risk premium of a factor
ought to be restricted by the amount of information the factor conveys about expected
future market returns or volatilities: if a factor provides no information about the future,
it should not command any risk premia. Second, risk premia across all factors should
be linked to each other through the willingness of investors to bear consumption risk.
I model the investment opportunity set using a multivariate VAR-GARCH model with
non-Gaussian innovations, and estimate this system to examines if the historically high
returns associated with the book-to-market effect can be explained as compensation for
risk exposures to changes in the investment opportunity set. The estimates suggest that the
forecasting ability of the book-to-market effect is not sufficient to explain its historically
high return.



1 Introduction

In this paper, I develop an intertemporal asset pricing model based on Merton’s (1973)

Intertemporal Capital Asset Pricing Model (ICAPM) in which an asset earns a risk

premium if it performs poorly precisely when prospects of investing for the future turn

sour–i.e., an adverse change in the investment opportunity set. I estimate this model to

examine whether the historically high return associated with the book-to-market effect

can be explained as compensation for risk exposures to adverse changes in the investment

opportunity set. Unlike most research that aim to explain the book-to-market effect,

this paper begins with a pricing kernel that can be derived from the preferences of a

representative investor, and contains two components–the consumption growth rate and

the market return. I use Campbell’s (1993, 1996) method of approximating the aggregate

budget constraint to substitute out the consumption growth rate.1 The model, which uses

time-varying expected market returns and time-varying market volatilities to describe the

changes in the investment opportunity set, delivers two key insights. First, controlling

for the market risk, any factor that reflects the changes in the investment opportunity set

ought to forecast future market returns or forecast future market volatilities. Second, risk

premia across such factors should be linked to each other through a parameter that can

be interpreted as the willingness of investors to bear risk. These observations impose

restrictions on factor pricing models that have gone largely unexplored.2

Over the last twenty years, a large volume of empirical work has documented a

variety of ways in which the cross-section of stock returns can be predicted by publicly

available information. One well documented pattern is the book-to-market effect (bk-

mkt). The effect documented by Rosenberg, Reid, and Lanstein (1985) and Fama and

French (1992) has remained rather robust throughout the years. There is a consensus that

this predictablility pattern is not explained by the traditional Capital Asset Pricing Model

(CAPM).3 However, there is considerable debate over exactly what underlying economic

explanations apply to these patterns. Broadly speaking, there are two competing

explanations: the risk-based explanations and the nonrisk-based explanations.

1 See Restoy and Weil (1998), Hodrick, Ng, and Sengmueller (1999), Campbell and Viceira (2002), and
Ng (2002) for other applications of Campbell’s (1993, 1996) method.

2 Studies that do stress these restrictions include Campbell (1996), but he does not allow for time-varying
volatilities and does not explore if it explains the book-to-market effect.

3 In contrast, Ang and Chen (2003) find evidence that the effect is consistent with the CAPM with time-
varying risk exposures, except among smaller stocks for which the market may be less efficient.
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The proponents of nonrisk-based explanations argue that such predictability patterns

reflect market inefficiencies. For instance, Lakonishok, Shleifer, and Vishny (1994)

argue that the book-to-market effect reflects investors incorrectly over-extrapolating past

earnings growth into the future and over-valuing companies that have performed well in

the past. More recently, a number of theory papers argue that in the presence of limits to

arbitrage, simple forms of bounded rationality can simultaneously reconcile many such

patterns (Barberis, Shleifer, and Vishny, 1998; Daniel, Hirshleifer, and Subramanyam,

1998; Hong and Stein, 1999). Furthermore, Chen, Hong, and Stein (2001, 2002) stress

that, in the presence of short-sales constraints, differences of opinion among investors

impact asset returns. What these papers have in common is the idea that human limitations

influence asset prices when market frictions limit arbitrage forces.

On the other hand, risk-based explanations contend that the book-to-market effect

reflects some systematic risk that the CAPM has failed to capture. In particular, many

authors have argued that such cross-sectional predictability patterns reflect compensation

for risk along the lines of Merton’s (1973) ICAPM (for example, Fama and French, 1993,

1995, 1996).4 Under this reasoning, these effects are interpreted as mimicking portfolios

whose returns are correlated with the relevant state variables representing time-variations

in the investment opportunity set of the economy. For instance, value stocks may perform

poorly during recessionary periods when the overall prospects for the economy in the

future is poor.5

For the most part, recent empirical research in support of the risk-based explanations

has focused on determining how these predictability patterns relate to macroeconomic

variables and business cycle fluctuations that are thought to reflect changes in future

investment prospects. Perez-Quiros and Timmermann (2000) demonstrate that returns on

small firms–which tend to be value firms–are more volatile during economic recessions

when investors may be more sensitive to risk. Liew and Vassalou (2000) show that

the book-to-market effect help forecast future rates of economic growth. Furthermore,

Ferson and Harvey (1999), Lettau and Ludvigson (2001b), and Vassalou (2003) show

that accounting for macroeconomic risk reduces the information content of the book-

4 Lettau and Ludvigson (2001b), Vassalou (2003), and Petkova and Zhang (2003) find that the book-to-
market effect is consistent with a conditional version of the CAPM. However, the conditional CAPM is not
derived from a dynamically optimizating behavior of a representative agent.

5 Gomes, Kogan, and Zhang (2002) and Brennan, Wang, and Xia (2003) illustrate such mechanism by
using cash-flow valuation models with time-varying investment opportunities.
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to-market effect. These studies provide evidence of a link between cross-sectional

predictability and forward-looking macroeconomic variables. In addition, Moskowitz

(2003) examines the forecasts of future asset covariances using a GARCH model and

finds that return on small stocks contain information about future covariances. His work

suggests that these effects may also reflect news about future market volatilities.

However, since these studies do not use a theoretical model, they leave unanswered the

question of whether their findings are consistent with an underlying economic model–can

a rational equilibrium model deliver the magnitude of risk premia associated with these

patterns? Fama (1991) and Cochrane (2001) criticize the use of the ICAPM as a “fishing

license” to allow a variety of factors into a pricing model without verifying whether such

factors are consistent with the optimization behavior of economic agents. Recognizing

this problem, two papers that are closest to this paper in spirit, Brennan, Wang, and Xia

(2003) and Campbell and Vuolteenaho (2002), build models based on Merton’s (1973)

ICAPM in which only factors that forecast future investment opportunities are admitted. 6

However, even if a factor model empirically explains the cross-section of stock returns,

it does not necessarily tell us much about the underlying economic mechanism that is

driving the results.7 Specifically, even for an economically well-motivated factor, a

factor pricing model does not tell us how much factor risk premium we should expect.8

MacKinlay (1995) suggests that imposing restrictions from a theoretical model helps to

protect against admitting wrong models. This paper makes this natural next step.

The goal of this paper is to develop more rigorous empirical tests of the hypothesis

that cross-sectional predictability patterns can be explained by an intertemporal CAPM

with changes in the investment opportunity set. There is substantial evidence of time-

variations in the investment opportunity set of the economy. For instance, the aggregate

stock market return has been shown to be forecastable.9 In particular, the aggregate

6 Brennan, Wang, and Xia (2003) use factors that forecast real interest rates and the maximal Sharpe
ratio, while Campbell and Vuolteenaho (2002) decompose the beta of a stock into one component reflecting
news about the market’s future cash flows and another component reflecting news about the market’s
discount rates.

7 For example, Daniel and Titman (1997) and Ferson, Sarkissian, and Simin (1999) point out that factor
models may appear to explain the cross-section of stock returns, even if the true model is based on firm
characteristics rather than on economic risk factors within an equilibrium framework.

8 Tests of the factor pricing methodology, such as the test of Fama and MacBeth (1973), provides
estimates of factor risk premia under the assumption that one has the correct model.

9 Throughout this paper, I use the term “forecastable” to distinguish time-series predictability from cross-
sectional predictability.

3



market return can be forecasted by its own past returns (Fama and French, 1988a; Poterba

and Summers, 1988), the short-term interest rate (Campbell, 1991; Hodrick, 1992), the

aggregate dividend yield (Campbell and Shiller, 1988; Fama and French 1988b), the term

spread between long-term and short-term interest rates (Fama and French, 1989), and the

default spread between low-grade and high-grade corporate bonds (Keim and Stambaugh,

1986). Furthermore, Campbell (1987), Harvey (1989), and Glosten, Jagannathan, and

Runkle (1993) have documented that some of these same variables also forecast variations

in future market volatilities. Therefore, a natural extension of the static CAPM to

an intertemporal setting is to incorporate these forecastable time-variations in expected

future market returns and future market volatilities.

This paper develops an intertemporal asset pricing model in a framework in which the

conditional means and variances of state variables vary across time to reflect changes

in the investment opportunity set. The model begins by positing a pricing kernel in

which there are two components: the consumption growth rate and the rate of return

on aggregate wealth. A special case covered by this model is the case in which there

exists a representative agent with the recursive utility function developed by Epstein and

Zin (1989). The aggregate budget constraint imposes restrictions under which a priced

asset must either covary with 1) the market return, 2) the changes in the forecasts of

future market returns, or 3) the changes in the forecasts of future market volatilities. The

basic intuition is that an unexpectedly high level of consumption ought to reflect either an

improvement in the forecasts of future market returns or a reduction in the precautionary

savings held as a hedge against future uncertainty. The model delivers restrictions under

which the risk premia associated with the state variables are linked to each other by the

information they convey about the future and the willingness of investors to bear risk.

Moreover, the derivation shows that time-variations in market volatility price only those

assets that are conditionally co-skewed with the market. This model is estimated to see if

the predictability patterns in the cross-section of stock returns reflect these changes in the

investment opportunity set.

Many equilibrium models proceed by parameterizing and calibrating the consumption

process or the dividend process in the economy. In contrast, this paper infers the

consumption process from the data. I estimate the returns process using a vector

autoregression (VAR) system to describe the conditional means and a multivariate

GARCH model to describe the conditional variances. The consumption process is backed
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out from the returns process using the aggregate budget constraint. The estimates of

this model indicate that the book-to-market effect cannot be explained as as a factor

that conveys information about future market returns. Using data covering April 1953

to December 1999, the evidence of forecasting information in the book-to-market effect

is small. Moreover, when one imposes the constraint that the risk premia are linked to

each other by risk-aversion, the hypothesis that the book-to-market effect is consistent

with this intertemporal asset pricing model is rejected.

The results of this paper are most closely related to papers that try to disentangle

risk-based explanations from nonrisk-based explanations. MacKinlay (1995) points out

that the Sharpe ratios implied by these cross-sectional predictability results appear to be

too high. Kirby (1998) notes that the predictability patterns across size portfolios are

not inconsistent with circumstances in which time-series forecastability is implied by

a pricing model. Lakonishok, Shleifer, and Vishny (1994) point out that value stocks

exhibit patterns of investor over-reaction, but find little evidence that value stocks are

fundamentally riskier. This paper finds that information content in the cross-sectional

predictability of asset returns is not linked to the time-series forecastability of aggregate

market returns.

The rest of this paper is organized as follows. Section 2 presents the intertemporal

asset pricing model. Section 3 discusses the empirical methods. Section 4 contains a

description of the data. Section 5 shows the estimates of the model and analyzes the

results. Section 6 offers concluding remarks.

2 An intertemporal asset pricing model

Fama (1970) points out that the single-period CAPM does not apply in a multi-

period setting if investor preferences change across time or if the available investment

opportunity set changes across time. Merton (1973) develops an intertemporal asset

pricing model in which the changes in the investment opportunity set affect future asset

returns, which in turn affect consumption. The aspects of the investment opportunity

set I study in this paper are the changes in the forecasts of future market returns and

the changes in the forecasts of future market volatilities. Given the evidence of time-

variation in expected market return and volatility, it seems natural to study their asset

pricing implications and see if it explains the book-to-market effect. In order to place
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some structure on the economy, an underlying economic mechanism I impose is that these

variations in the investment opportunity set must all eventually affect consumption at

some horizon because the aggregate budget constraint must hold. An increase in expected

future return allows investors to consume more today through intertemporal consumption

smoothing. In addition, a decrease in future volatilities allows investors to consume more

today by reducing their precautionary savings. In an intertemporal setting, a given state

variable can earn a risk premium by conveying news regarding changes in the forecasts

of future market returns or volatilities. However, the fundamental risk in this setting is

consumption risk.

Rather than using changes in the investment opportunity set, one could directly use

consumption growth rates to price assets (eg. Hansen and Singleton, 1982). However,

consumption may be difficult to measure in practice. To circumvent this difficulty,

I follow Campbell’s (1993, 1996) method of using the aggregate budget constraint

to substitute out the consumption growth rate with current and future market returns.

Unfortunately, Campbell’s model assumes constant market volatility which is inconsistent

with time-variation in expected market return. I extend his work by allowing for

time-variations in market volatility and asset covariances. These extensions allow the

forecastability of the market to be present in the model and also allow asset risk exposures

to be time-varying. After the substitution, the model reveals three sources of risk: the

market return, changes in the forecasts of future market returns, and changes in the

forecasts of future market volatilities.

To set the stage, consider an economy with rational investors and perfect capital

markets in which there are no transaction costs, no short-sales constraints, or any other

market imperfections. Assuming further that the law of one price holds, then for every

discrete time-period t, there exists a pricing kernel Mt+1 such that the following Euler

equation must hold for any security i with a total rate of return from time t to t + 1 of

Ri;t+1:

Et[Mt+1(1 +Ri;t+1)] = 1: (1)

Assume further that there exists a riskless asset, and letRe
i denote asset i’s return in excess

of the risk-free rate. By using a second-order Taylor expansion, the following log-Euler

equation must hold:

Et[r
e
i;t+1] +

Vii;t

2
= Covt(rei;t+1;�mt+1); (2)
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where Vii;t � Vart(rei;t+1) and mt+1 is the logarithm of Mt+1.10

Now, suppose that the aggregate market portfolio containing all wealth is tradable.11

Let Wt denote the level of aggregate wealth at the beginning of time period t, let Ct be the

time t consumption level, and let RW;t+1 be the total real rate of return on invested wealth

(the real market return). Finally, suppose that the pricing kernel can be modeled as

Mt+1 = ��1
�
Ct+1

Ct

���2
�

(RW;t+1)
�3�1 ; (3)

for parameters �, �, �1, �2, and �3.

The pricing kernel described by Eq. (3) depends only on the consumption growth

rate and the aggregate market return. This specification includes Epstein and Zin’s (1989)

recursive utility function representative agent as a special case. The pricing kernel implied

by their recursive utility function takes �1 � �2 � �3 = �, � as the elasticity of

intertemporal substitution, and � as the subjective discount factor. The power utility

function is a particularly special case in which, in addition, � = 1. In all cases, however,

the parameter of interest turns out to be a single parameter, 
 = �2
�
� �3 + 1.

The link between consumption and the changes in the investment opportunity set is

provided by substituting out the consumption growth rate using the aggregate budget

constraint. The intuition behind this substitution is that an increased level of consumption

today must be financed by a high current market return, an increased forecast of future

market returns (and a higher expected future income), or a lower expectation of future

market volatilities (and lower precautionary savings). Let ct be the logarithm of the real

aggregate consumption, let wt be the logarithm of the real level of aggregate wealth, and

10 Under an additional assumption that the distribution ofM t and Ri;t is conditionally jointly log-normal,
this relationship is exact. However, without log-normality, higher-order Taylor expansions would reveal
omitted terms that depend on third- or higher-order moments. Harvey and Siddique (2000) and Dittmar
(2002) explore the implications for asset prices when these higher-order moments are introduced. However,
Ang, Chen, and Xing (2002) argue that these Taylor expansions do not adequately capture deviations from
Eq. (2). Since the focus here is on whether changes in the investment opportunity set can explain the
cross-section of stock returns, rather than on how much precision is needed in the approximation, this paper
begins with the second-order Taylor expansion of Eq. (2).

11 I create a proxy for the market portfolio using a stock market index. However, Roll (1977) has provided
the critique that this proxy may not adequately reflect the true market portfolio since it does not include
other forms of wealth, such as human capital. Campbell (1996) and Jagannathan and Wang (1996) attempt
to alleviate this concern by incorporating labor income growth rates into the proxy for the market portfolio.
An earlier version of this paper also incorporated labor income growth, but it did not produce markedly
different results.
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let rw;t be the real log-return on the market portfolio. Define � � 1 � exp(E[c t � wt]),

where E[ct � wt] is the steady-state log consumption-to-wealth ratio. The parameter � is

the steady-state ratio of aggregate invested wealth to aggregate total wealth.

As shown in Appendix A, a log-linear approximation of the aggregate budget

constraint gives three factors. The first factor is the market return, rw;t. The second is

the change in the forecasts of future market returns, rh;t, given by

rh;t+1 � (Et+1 � Et)
1X
s=1

�srw;t+s+1: (4)

Note that rh;t is the change in the expectation of exponentially weighted sums of future

market returns, where the weights are powers of �. The third factor, r�;t+1, is the change

in the exponentially weighted forecasts of future market variances:

r�;t+1 � (Et+1 � Et)
1X
s=1

�sVart+s[rw;t+s+1 + rh;t+s+1]: (5)

Let 
 = �2
�
� �3 + 1. Appendix A shows that the conditional asset pricing relation

derived from the pricing kernel in Eq. (3) is

Et[r
e
i;t+1] +

Vii;t

2
= 
Viw;t + (
 � 1)Vih;t � 1

2
(
 � 1)2Vi�;t; (6)

where Viw;t � Covt(rei;t+1; rw;t+1);

Vih;t � Covt(rei;t+1; rh;t+1);

and Vi�;t � Covt(rei;t+1; r�;t+1):

This result is an extension of Campbell (1993). In the special case of the recursive

utility representative agent (and the power utility representative agent), the parameter 


corresponds to the coefficient of relative risk-aversion, hence I interpret this parameter

as the willingness of economic agents to bear consumption risk. Even though the

consumption growth rate and the aggregate market return may each carry different

coefficients in the pricing kernel, once the aggregate budget constraint is imposed, a

degree of freedom is lost and only one parameter, 
, enters the asset pricing relation. In the

recursive utility function case, the other parameters of the model describe the subjective

discount factor and the elasticity of intertemporal substitution. These parameters affect

the risk-free rate and the consumption choice, but not the cross-section of asset returns.
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Eq. (6) illustrates the intuition behind Merton’s (1973) ICAPM. The term Vii;t

2
is the

Jensen’s inequality term that arises when log-returns rather than simple returns are used.

In this model, the sources of risk premia for an asset are the contemporaneous conditional

covariances of its return with 1) the market, Viw;t, 2) the changes in the forecasts of future

market returns, Vih;t, and 3) the changes in the forecasts of future market volatilities, Vi�;t.

The term Viw;t is the time-varying beta. From this term alone, an asset’s exposure to the

current market return carries a price of risk equal to the risk-aversion parameter, 
. This

term corresponds to the single-period conditional consumption CAPM component.

By allowing the expected return of the market to vary across time, a new source of

risk is introduced: changes in the forecasts of future market returns. The factor rh;t+1
reflects these changes in the forecasts, while the term Vih;t is an asset’s covariation with

this factor. Since future market returns are linked to consumption by the aggregate budget

constraint, the coefficient on this term also depends upon the risk-aversion parameter, 
.

One special case is that of a log-utility representative agent with 
 � 1, in which time-

variations in the expected returns yield no additional risk premia, since investors behave

myopically. However, when 
 > 1, the representative agent demands compensation for

holding assets that performs poorly precisely when the forecasts for future market returns

fall.

By allowing the volatility of the market to vary across time, a source of risk not found

in Campbell (1993) is revealed. For all values of 
 6= 1, the representative agent demands

compensation for the risk that an asset will perform poorly precisely when the future

becomes less certain. Increased uncertainty induces risk-averse investors to reduce their

current consumption in order to increase their precautionary savings. The factor rh;t+1
summarizes the changes in the uncertainty of future returns, while the term V i�;t reflects

an asset’s covariation with these changes. This term carries a negative coefficient of
�1
2
(
 � 1)2, which also depends upon the risk-aversion parameter through the budget

constraint. Interestingly, as long as the pricing kernel consists of consumption growth

rates and aggregate market returns, the aggregate budget constraint reduces the degree of

freedom in the asset pricing relation to a single parameter.

9



3 Empirical methodology

The model derived in the previous section illustrates that, with changes in the investment

opportunity set, assets may be priced if they covary with 1) the real rate of market return,

2) the changes in the forecasts of future market returns, or 3) the changes in the forecasts

of future market volatilities. The empirical literature on the forecastability of the market

and the literature on the time-varying volatility provide evidence that there are state

variables that reflect these changes. I estimate and examine the state variable dynamics

using a VAR-GARCH model to describe the patterns of the conditional means and the

conditional variances found in the data.12 The risk-aversion parameter, 
, is estimated

from the restriction that the model should price the market portfolio. Implicitly, there

also is a consumption process that is derived from the asset returns through the aggregate

budget constraint.

3.1 Econometric specification

To obtain forecasts of future market returns, I follow Campbell (1996) and Hodrick, Ng,

and Sengmueller (1999) and use a first-order VAR process to describe the conditional

means of the state variables.13 By inferring the dynamics of the economy from the data, I

abstract away from explaining how the time-variations in the conditional distributions of

asset returns are formed in the economy in the first place. The elements of the VAR system

are the state variables that reflect news about the current real market return, forecasts of

future market returns, or forecasts of future volatilities. I also estimate a multivariate

GARCH(1,1) process to describe the dynamics of market volatility. This VAR-GARCH

structure specifies the first two conditional moments, but it does not assume that the

innovations are conditionally normally distributed. Appendix B details the implications

for the asset pricing relation of the model developed in Section 2 when the state variables

follow such VAR-GARCH structure.

I proxy for the real rate of return on the market portfolio using the real rate of return

on the aggregate financial wealth portfolio. In the econometric system, the real market

return is constructed from two observable variables. Let ft denote a K-element vector

12 Certainly, there are alternative ways of modelling conditional means and variances, which I leave for
future research. However, modelling the conditional means and variances with a VAR-GARCH model turns
out to be particularly tractable.

13 I conduct specification tests for the VAR order in Section 5.1.
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of all variables. Let the first element of ft be the logarithm of the rate of return on a

stock market index in excess of the risk-free rate. Let the second element of ft be the

logarithm of the risk-free rate minus the rate of inflation. The sum of the first and the

second elements of ft is a proxy for the real rate of return on the market, rw;t.

Let the remaining elements in ft be the assets to be priced or state variables that

forecast future market returns or volatilities. The asset to be priced is the portfolio

representing the book-to-market effect (bk-mkt). Note that this variable not just an asset

to be priced, but that it may contain some additional orthogonal information about the

future investment opportunity set. Other state variables are macroeconomic variables that

prior research has found to have the ability to forecast future market returns: the dividend

yield, the term spread, and the default spread.14 The assets to be priced may also covary

with these state variables. Therefore,

ft =

0
BBBBBB@

fexcess stock market return g
frisk-free rate minus inflation rateg
fbook-to-market effect g
fdividend yield g
fterm spread g
fdefault spread g

1
CCCCCCA
: (7)

Denote ei as the K-dimensional vector for which the i-th element is one and the

remaining elements are zeros: eg. e1 � (1; 0; : : : ; 0)0. The real rate of market return can

then be expressed as

rw;t = (e1+ e2)0ft: (8)

Even though the economic agents’ forecasts of future returns are not directly

observable, a VAR provides an estimate of such forecasts. Consider a first-order K-

dimensional VAR system defined by

(ft+1 � �) = A(ft � �) + �t+1; (9)

where � � E[ft], A is a K �K parameter matrix, and �t+1 is a K-dimensional vector of

innovations in the state variables. To describe the dynamics of the second-order moments,

letVt denote the variance-covariance matrix of next-period innovations, � t+1, conditional

14 The relative Treasury bill rate, which is the T-bill rate minus its one-year backward moving average,
has been found by Campbell (1991) and Hodrick (1992) to forecast future returns. I do not include the
relative Treasury bill rate, since the real rate of return on the T-bill is already included.
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on the information set at time t: Vt = Et(�t+1�0t+1). Vt may be time-varying, and its

dynamics are specified below. While �t+1 is mean zero, it need not be conditionally

normal.

Under the VAR, estimates for the left-hand side of the asset pricing relation given in

Eq. (6) can be readily obtained. Suppose that the asset to be priced is the i-th element in

ft and its excess return is denoted rei;t+1. Then, from Eq. (9),

Et[r
e
i;t+1] = (�+A(ft � �))0ei: (10)

The Jensen’s inequality term is given by

Vii;t

2
=

1

2
ei
0
Vtei: (11)

The VAR also provides an estimate of the first term on the right-hand side of Eq. (6) as

Viw;t = (e1+ e2)0Vtei: (12)

Turning to the second term in Eq. (6), under the VAR, the forecasts at time t of ft+s are

represented by

Et[ft+s � �] = A
s(ft � �): (13)

Therefore, the change in the forecasts at time (t+ 1) of ft+s+1 due to the shock �t+1 is

(Et+1 �Et)ft+s+1 = A
s�t+1; (14)

which is the impulse-response of ft+s+1 to the innovation �t+1. Therefore, the change in

the s-period ahead forecast of the real market return can be written as

(Et+1 � Et)rw;t+s+1 = (Et+1 � Et)(e1+ e2)0ft+s+1 = (e1+ e2)0As�t+1: (15)

Note that

rh;t+1 = (Et+1 � Et)
1X
s=1

�srw;t+s+1;

= (e1+ e2)0
1X
s=1

�sAs�t+1;

= (e1+ e2)0�A(I� �A)�1�t+1 = �h
0�t+1; (16)
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where �h
0 is defined as (e1+ e2)0�A(I� �A)�1. Finally, note that

Vih;t = �h
0
Vtei; (17)

which may vary across time as Vt varies.

Eqs. (11), (12), and (17) depend upon the conditional variance-covariance matrixV t.

I assume that Vt follows a GARCH(1,1) process with the BEKK representation of Engle

and Kroner (1995):

Vt = PP
0 +�Vt�1�

0 +	�t�1�
0
t�1	

0; (18)

whereP is a lower-triangularK-dimensional matrix and� and	 areK�K dimensional

matrices.

In a multivariate setting, restrictions are usually imposed on the parameters of the

GARCH process in order to prevent over-parameterization. The parameters of the

multivariate GARCH are P, �, and �. The only restriction imposed on P is that it

must be a lower-triangular matrix. For the matrices � and �, I impose the following

elements to be zeros:

� =

0
BBBBBB@

�11 0 0 0 0 0
�21 �22 0 0 0 0
�31 0 �33 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

1
CCCCCCA
;� =

0
BBBBBB@

�11 0 0 0 0 0
�21 �22 0 0 0 0
�31 0 �33 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

1
CCCCCCA
: (19)

This specification is similar to the structure in Bekaert and Wu (2000) in which the

conditional variance of the excess market return depends only upon the past variance and

innovations of itself. However, the conditional variance (and covariances) of the real risk-

free rate, and bk-mkt may depend upon their own past variances and innovations, as well

as upon the past variances, the past covariances, and the past innovations of the market.

Since there is no clear evidence in the literature of persistence in shocks to volatilities

of the dividend yield, the term spread, or the default spread, I assume that there is no

GARCH structure associated with the last three state variables. On the other hand, there

are no restrictions imposed on the parameters of the VAR structure, � and A. Hence,

there are 6 parameters in �, 36 parameters in A, 21 parameters in P, 5 parameters in �,

and 5 parameters in �, for a total of 73 parameters in this six-dimensional system15 .
15 During the estimation, the system has a total of 561 observations with six variables to identify 73

parameters in the VAR-GARCH models.
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WithVt specified as in Eq. (18), the final term on the right-hand side of Eq. (6) can be

calculated. This term is Vi�;t, where r�;t = (Et+1�Et)
P1

s=1 �
sVart+s[rw;t+s+1+rh;t+s+1].

Appendix B shows that under a GARCH model,

Vi�;t � Vi� = (e1+ e2+ �h)
0SiV;t(e1+ e2+ �h); (20)

where

SiV;t = vec�1
�
(I� �(�+	)
 (�+	))�1vec(	Et[�

e
i;t+1�t+1�t+1

0]	0)
�
:

The operator 
 denotes the Kronecker product, vec�1 denotes the inverse of the vec

operator16 , and �ei;t+1 = rei;t+1 �Et[rei;t+1].

The term SiV;t reflects the conditional covariance between the return on asset i and the

changes in the forecasts of futureVt+s. The term Vi�;t captures the part ofSiV;t that relates

to future market volatilities. Note that these terms depend upon Et[�ei;t+1�t+1�t+1
0], which

is a matrix of conditional co-skewness between rei;t+1 and the elements of ft. The elements

of this matrix are all zeros if the innovations are conditionally normally distributed, an

assumption that is not made here.17

Combining these results, under the distributional assumption of a VAR-GARCH, the

asset pricing relation from Eq. (6) can be rewritten as

Et[r
e
i;t+1] +

Vii;t

2
= 
Viw;t + (
 � 1)Vih;t � 1

2
(
 � 1)2Vi�;t; (21)

where Et[r
e
i;t+1] = (�+A(ft � �))0ei;

Vii;t = ei
0
Vtei;

Viw;t = (e1+ e2)0Vtei;

Vih;t = �h
0
Vtei;

and Vi�;t = (e1+ e2+ �h)
0SiV;t(e1+ e2+ �h):

The term �h
0 = (e1+ e2)0�A(I� �A)�1, and SiV;t is defined by Eq. (21).

The implicit consumption process can also be derived under the VAR-GARCH. From

16 If X is an m � n matrix, vec(X) is an mn � 1 vector obtained by stacking the columns of X.
17 Restoy and Weil (1998) point out that in their AR-GARCH settings, returns carry information about

the conditional means, while only the squares of returns carry information about the conditional variances.
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Eq. (A.17) of Appendix A, the aggregate budget constraint yields

�ct+1 �Et[�ct+1] = (e1+ e2)0�t+1 + (1 � �
�3

�2
)�h

0�t+1 � 1

2
(
 � 1)(1� �

�3

�2
)r�;t+1;

where (22)

r�;t+1 =

1X
s=1

�s(�+ 	)s�1	(�t+1�
0
t+1 �Vt)	

0(�0 +	0)s�1:

Eq. (22) decomposes the unexpected shocks to the growth rate of real consumption,

�ct+1. The first term is the impact on consumption due to unexpected real market

returns. The second term relates to the news about future income and represents changes

in consumption due to consumption smoothing. The final term relates to the news about

future uncertainty and represents the changes due to changes in precautionary savings.

The term r�;t+1 is the weighted sum of the changes in the forecasts of future volatility

under the GARCH structure. In the log-utility representative agent case where 
 = 1 (or

equivalently � �3
�2

= 1), Eq. (22) shows that economic agents immediately consume all

unexpected real increase in aggregate wealth.

3.2 Estimating and testing the model

I test the model by looking at an unconditional implication of Eq. (21):

E[rei ] +
Vii

2
= 
Viw + (
 � 1)Vih � 1

2
(
 � 1)2Vi� ; (23)

where E[rei ] = �0ei;

Vii = ei
0
Vei;

Viw = (e1+ e2)0Vei;

Vih = �h
0
Vei;

Vi� = (e1+ e2+ �h)
0SiV(e1+ e2+ �h);

and SiV = vec�1
�
(I� �(�+	)
 (�+	))�1vec(	E[�ei��

0]	0)
�
;

where V � E[V� ;t] denotes the time-series average of the conditional covariance matrix

of ft and E[�ei��
0] denotes the time-series average of the conditional co-skewness of rei;t
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with the elements of ft.18 The term V is estimated using19

V � E[V� ;t] = vec�1
�
(I� �(�+	)
 (�+	))�1vec(PP0)

�
: (24)

The term E[�ei��
0] is estimated as follows. Letting �̂ denote the vector of all VAR

parameter estimates, the residuals are estimated by inverting Eq. (9) as,

�̂t+1(�̂) = (ft+1 � �̂)� Â(ft � �̂): (25)

The i; j; k-th co-skewness, sijk = E[�i;t�j;t�k;t], is estimated as

ŝijk(�̂) =
1

T

TX
1

�i;t(�̂)�j;t(�̂)�k;t(�̂): (26)

Defined this way, these skewness statistics are functions of the VAR parameter estimates.

The asset pricing relation described by Eq. (23) depends upon the parameters of

the VAR-GARCH process, the unconditional co-skewness E[�ei��
0], the approximation

constant �, and the risk-aversion parameter 
. This model is estimated as follows.

First, the parameters of VAR-GARCH are estimated by Quasi-Maximum Likelihood

Estimation (QMLE). Given QMLE estimates of the VAR-GARCH process, the estimates

of co-skewness are obtained from the residuals. As in other studies that use log-linear

approximations of the representative agent’s budget constraint (Campbell 1996; Hodrick,

Ng, and Sengmueller 1999), the approximation constant is exogenously specified. Given

these parameter estimates, the risk-aversion parameter 
 is estimated from the moment

condition that the model should price the market portfolio. Finally, given these estimates,

I test whether the model prices bk-mkt.

Even if the innovations, �t+1, are not conditionally normally distributed, Bollerslev

and Wooldridge (1992) have shown that the parameters of the VAR-GARCH can be

consistently estimated by a QMLE. A common practice in the estimation of multivariate

GARCH models is to numerically calculate the score, st, of the maximum likelihood

function. For numerical stability, I analytically calculate the scores (see Appendix

C). However, since the innovations are not necessarily normally distributed, the usual

18 Note that the average conditional moments are typically not the same as the unconditional moments.
19 BothV and E[rei ] have been estimated using an alternative method of taking their sample counterparts,

E[rei ] =
1
T

PT

t=1Et[r
e
i;t+1] and V = 1

T

PT

t=1V� ;t, where Et[r
e
i;t+1] and V� ;t are the estimated time

series of the VAR. This method produces negligible differences in the results.
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maximum likelihood standard errors cannot be used. Hence, the standard errors are

calculated using Hansen’s (1982) Generalized Method of Moments (GMM), including the

Newey and West (1987) adjustment for serial-correlations. The optimal order of Newey-

West lags is estimated in accordance with Andrews (1991).

The other parameters of the model are � and 
. Since the approximation constant,

�, is very difficult to estimate in practice, I exogenously specify it as � = 0:9949, but

this choice not arbitrary. Since � is the steady-state consumption-to-wealth ratio, this

value corresponds to an economy that consumes 6% of its total wealth each year, which

is reasonable. This is also the value that was used by Campbell (1996) and Hodrick, Ng,

and Sengmueller (1999).

Note that once the estimates of the VAR-GARCH model, E[�ei��
0], and � are available,

the only undetermined variable of Eq. (23) is 
. Since the asset pricing relation has to be

satisfied for all investable portfolios, and in particular for the market portfolio, an estimate

for 
 can be drawn from the moment condition implied by Eq. (23), where asset i is the

market. I use the moment condition

E[rei ] +
Vii

2
= 
Viw + (
 � 1)Vih � 1

2
(
 � 1)2Vi� ; where i = emkt; (27)

to identify 
. Combined with the QMLE where the score functions are the orthogonality

conditions, this is an exactly identified GMM estimation.

3.3 Comparison with other factor pricing models

In many factor pricing models, the logarithm of the pricing kernel, m t+1, is modeled as a

linear combination of K factors, ft+1, where

mt+1 = ��t+1 ��
0(ft+1 �Et[ft+1]); (28)

and the vector � is the K-dimensional vector of the prices of risk associated with the

factors in ft. The term �t+1 is a normalizing constant to ensure that Rf;t+1 = 1
Et[Mt+1]

.

The log-Euler equation from Eq. (2) can be rewritten as

Et[r
e
i;t+1] +

Vii;t

2
= �

0
Vif ;t; (29)

where Vif ;t � Covt(rei;t+1; ft+1).
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The asset pricing relation of this paper has two distinguishing features. Note that Eq.

(21) can be rewritten as

Et[r
e
i;t+1] +

Vii;t

2
= �

0
Vif ;t � ~�

0
SiV;t

~�; (30)

where � = 
(e1+ e2) + (
 � 1)�h;

and ~� =
1p
2
(
 � 1)(e1+ e2+ �h):

One feature of Eq. (30) is that it allows for co-skewness to be priced when conditional

normality is relaxed. This feature is reflected by the term � ~�0SiV;t
~�: an asset earns a

risk premium if it performs poorly when future market volatility rises. The term ~� can be

interpreted as the prices of risk associated with this channel.

More importantly, the model places restrictions on the prices of risk: the prices of

risk are related to the information content of the state variables and the risk-aversion

parameter. These restrictions are less stringent than those implied by the Consumption

CAPM of Breeden (1979), since it allows for an additional channel through which assets

may be priced: the changes in the investment opportunity set. Nevertheless, news about

the future prospects of the market has to tie back into consumption through Eq. (22),

since the aggregate budget constraint must be satisfied. The term �h summarizes how

much information the innovations in the state variables contain about the changes in the

future prospects of the market.

In general, factor pricing models treat � as free parameters to be estimated from the

data. For example, Chen, Roll, and Ross (1986) and Ferson and Harvey (1991) find that

macroeconomic variables draw economically significant prices of risk, while Fama and

French (1993) find that bk-mkt command significant prices of risk. More recently, Ferson

and Harvey (1999) and Vassalou (2003) argue that bk-mkt draw their risk premia from

exposures to macroeconomic risk. However, since these models are estimated without

constraint, there is no direct link between the prices of risk and a theoretical pricing

model (see Cochrane, 2001). One could estimate an unconstrained model that prices the

cross-section of stock returns, but this still would not necessarily tell us much about the

underlying economic mechanism that is driving the results, since the link is lost.

A theoretical model can provide a link between the prices of risk and the underlying

economic mechanism. For example, Hansen and Singleton (1983) studies the asset

pricing relation of the Consumption CAPM, where the pricing kernel consists of the
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consumption growth rate. In that situation, the price of consumption risk depends on

the risk-aversion coefficient of a representative agent. In the asset pricing model of this

paper, the relevant factors are the current market return, the changes in the forecasts of

future market returns, and the changes in the forecasts of future market volatility. These

factors are linked to the aggregate consumption growth rate through the budget constraint,

and hence their prices of risk are linked to their information content and the risk-aversion

parameter. Overall, Eq. (30) indicates that it is not enough to say that there are state

variables that proxy for the changes in the investment opportunity set; the prices of risk

associated with such state variables ought to take a particular form. The remainder of this

paper tests whether this is true.

4 Data

The econometric system I study includes time-series data on a proxy for the real market

return; the return on a zero-cost portfolio that reflects the book-to-market effect; and

macroeconomic variables that have been found to forecast future stock market returns.

The data sources for this study are the Center for Research in Security Prices (CRSP),

Standard & Poor’s Data Resources, Inc. (DRI, formerly Citibase), the Federal Reserve

Economic Data (FRED) at the Federal Reserve Bank of St. Louis, and Kenneth French’s

website.20 Data are collected at the monthly frequency from April 1953 through

December 1999.

4.1 Description of the data

The first two variables form a proxy for the real rate of return on the market portfolio. The

first variable, emkt (excess market return), is the rate of return in excess of the one-month

Treasury bill of the value-weighted stock index from CRSP. The second variable, rrf (real

riskfree rate), is the one-month T-bill rate minus the rate of inflation. The rate of inflation

is calculated as the change in the seasonally adjusted Consumer Price Index (CPI).21

The sum of these two variables is used as a proxy for the real rate of market return.

20 The author thanks Kenneth French for making his data on book-to-market portfolios available on his
website at http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data library.html.

21 The CPI series used is the seasonally adjusted CPI for all urban consumers, including all item such that
the 36-month average in 1982-84 equals to 100.
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Furthermore, rrf is included in the system since the short rate has been found by Ang and

Bekaert (2001) to be a robust forecaster of future stock market returns. The next variable

is the return on bk-mkt, which is a portfolio that goes long the highest quintile book-to-

market (value) stocks and shorts the lowest quintile book-to-market (growth) stocks.22

These returns are all expressed as log-returns.

The final three variables in the VAR systems are state variables that other studies

have found to have forecasting ability over future returns on the stock market. The first

variable is the logarithm of the dividend yield of the S&P 500 index, dyld. The second

variable captures the term spread, term. It is the logarithm of the yield spread between the

10-year U.S. Treasury bonds and the 1-year U.S. Treasury bills. The final variable, dflt,

measures the default spread using the logarithm of the yield spread between Baa-rated

corporate bonds and Aaa-rated corporate bonds. All of these variables are expressed in

continuously compounded annualized terms.

4.2 Summary statistics

Table 1 presents the summary statistics and the contemporaneous correlations of the

variables in the VAR system, while Fig. 1 plots the time series of the variables. The

average excess return on the stock market portfolio for this period is 7.93% per annum,

including the Jensen’s inequality term, with an annualized standard deviation of 14.71%.

The one-month Treasury bill has averaged 1.32% per annum in real terms, while the

average annualized rate of growth of the CPI has been 3.96%. Panel A of Fig. 1 shows

the cumulative returns on emkt and rrf of a $1 investment at the beginning of the sample

period.

The entire sample from April 1953 through December 1999 (N=561) shows that

the book-to-market effect exists throughout the sample. Panel B of Fig. 1 illustrates

the robustness of the effect throughout the sample. The book-to-market strategy has

consistently produced annualized returns of 9.44% with annualized standard deviations of

10.55%. Table 1 indicates the presence of slight serial-correlations in bk-mkt, as well as

22 Stocks sorted by market capitalizations and book-to-market ratios are formed according to Fama and
French (1992) and obtained from Kenneth French’s website. Common stocks listed on NYSE, AMEX, and
NASDAQ of companies incorporated in the U.S. are sorted into five quintiles according to their market
capitalizations and their book-to-market ratios. The breakpoints for the quintiles are formed based upon
stocks listed on the NYSE. Thus, the lowest quintile portfolio contains all stocks that have lower market
capitalizations or book-to-market ratios than the 20th percentile NYSE stock.
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slight annual seasonality. Furthermore, bk-mkt is negatively correlated with the market,

which indicates that bk-mkt has a negative market beta.

Panels C and D of Fig. 1 show the plots of dyld, term, and dflt. The dividend yield of

the S&P 500 has averaged 3.57% annually, while the term spread and the default spread

have averaged 0.68% and 0.87% annually, respectively. These three variables are all

highly persistent. The dividend yield on the S&P 500 is negatively correlated with the

term spread and strongly positively correlated with the default spread.

5 Empirical results

In this section, I begin by presenting the estimates of the VAR-GARCH model described

in Section 3. The VAR-GARCH model provides estimates of the forecasting abilities

of the state variables. The state variables are emkt, rrf, bk-mkt, dyld, term, and dflt. I

first examine the information content of the variables and then consider the asset pricing

relation of the model developed in Section 2.

5.1 VAR-GARCH parameter estimates

Table 2 conducts specification tests of the first-order VAR model. Panel A of Table 2 tests

for the appropriate order of VAR lags using the Schwarz (1978) selection criterion, and

the result supports the first-order specifications. Panel B of Table 2 conducts diagnotic

tests for residual serial-correlations at lags one through eleven, and at lags one through

twelve, using the l-test of Cumby and Huizinga (1992). Looking at the serial-correlations

up to eleven lags, there is some evidence of misspecification for the dynamics of the real

risk-free rate. Hodrick (1992) advocates detrending the risk-free rate for this reason, but

my model requires the actual real risk-free rate to be modeled. The serial-correlations at

the twelfth lag also suggest that there may be some seasonal effect that the VAR model

is unable to capture. Hence, the results of this analysis should be taken with this caveat

in mind. Panel C of Table 2 performs joint forecastability tests and confirms that the

state variables in the VARs can be forecasted by the lagged variables. The eigenvalues

of the VAR estimates are within the unit circle, which indicate that the VAR systems are

stationary. Finally, the optimal order of Newey-West lag is determined by the procedure

of Andrews (1991) to be three.
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Table 3 examines in detail the QMLE estimates of the VAR-GARCH parameters for

the system. Panel A shows the estimates of the VAR forecasting equations. Fig. 2 plots

the time series of the expected excess market returns and real risk-free rates according to

the estimates as well as their realized values. According to the estimates, a 1% wider-

than-average term spread forecasts about 0.5% higher than average excess market return

over the next month, while a high default spread forecasts a high real risk-free rate. A high

dividend yield also forecasts a high real risk-free rate, but it fails to forecast statistically

significant changes in excess market return. The VARs also indicate that dyld, term, and

dflt are persistent variables, which suggests that they may carry longer-horizon forecasting

abilities. An ICAPM would suggest that assets with returns that are correlated with these

state variables command risk premia, because they convey information about changes in

the investment opportunity set.

The estimates of the VARs also reveal that emkt contains information about changes

in the investment opportunity set. A high excess market return forecasts a lower future

dividend yield, as well as a reduction in the default spread over the next period. In turn,

a lower dividend yield forecasts a lower future market return, which suggests that the

market may have a slowly mean-reverting component. Such longer-horizon forecasts are

examined in greater detail below. In contrast, the real risk-free rate is somewhat persistent

but contains little forecasting information.

If the returns on the book-to-market effect can be explained as compensation for

exposures to changes in expected market returns, they should forecast future market

returns. The question now becomes, controlling for other state variables, do these

portfolios perform poorly when the prospects for the future turn sour? The VAR

parameter estimates suggest otherwise. For the book-to-market effect, a high rate of return

on bk-mkt forecasts a statistically significantly lower next-period return on emkt. Hence it

performs well, rather than poorly, when the prospects for the future diminish. In contrast,

the results of Liew and Vassalou (2000) suggest that that bk-mkt return should be high

when the prospects for the future are improving.23

Panels B and C of Table 3 show the estimates of the GARCH parameters. These

estimates suggest that there are variations across time in volatility. The volatilities of

emkt, rrf, and bk-mkt are also all found to be persistent. Furthermore, the off-diagonals

23 Our results differ, since my estimates are not based upon international data and I control for other state
variables that forecast future returns.
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of the GARCH parameters suggest that a high shock in emkt forecasts a reduction in the

covariance of emkt with both bk-mkt and mom. These estimates generate some time-

variations in the betas of the assets with the market.

According to the model developed in this paper, an asset may also command risk

premia because it forecasts future volatilities. which would be reflected through their

conditional skewness and co-skewness. Table 4 shows the estimates of skewness and co-

skewness implied by the residuals of the VAR-GARCH models. The entries in Table 4

are expressed as coefficients of (co-)skewness by scaling them by the standard deviations

of �i;t, �j;t, and �k;t.

The estimates of skewness of the residuals indicate that excess market returns are

negatively skewed. The estimates of co-skewness of emkt with bk-mkt is statistically

significant and suggests that bk-mkt becomes more volatile when the market is rising.

However, bk-mkt fares well when the aggregate market becomes riskier, which is not

consistent with the argument that bk-mkt earns risk premia because it forecasts changes

in future uncertainty.

In summary, the initial examination of the VAR-GARCH parameter estimates sug-

gests that it may be difficult for the changes in the investment opportunity set to explain

the book-to-market effect. The estimates of the VAR suggest that, controlling for other

state variables, bk-mkt performs well (rather than poorly) when the expected next period

return on the market is falling. Moreover, co-skewness of the residuals suggests that

bk-mkt performs well (rather than poorly) when the market becomes riskier over the

next period. However, the model derived in Section 2 shows that it is not sufficient to

look at the forecasting ability of a factor over the next period, but one must consider the

cumulative impacts of the shocks over all future horizons and covariation of an asset with

other state-variables with forecasting abilities.

5.2 Cumulative forecasting abilities

Table 5 shows the cumulative weighted sums across all future horizons of the impulse-

responses of the real market return, which were derived in Eq. (16) as �h. Changes in the

forecasts of future real market returns are exponentially weighted at the rate � = 0:9949. 24

The rows of this panel show the estimates of �h from the VAR-GARCH system. These

24 Other values for � in the range of [0:99; 1:00]produce negligible changes in the results.
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estimates indicate that only emkt and dyld carry statistically significant information about

changes in cumulative future returns. A 1% increase in emkt today forecasts a mean-

reversion of about 0.2% in cumulative future returns of emkt. A 0.1% increase in dyld

forecasts a future increase in emkt of about 1.5% in cumulative terms. The point estimate

of the cumulative effect of a shock in bk-mkt is negative. Hence, bk-mkt tends to perform

well when the cumulative expected return of the market falls.

However, an asset may also command risk premia because it covaries with other

factors that are priced, rather than because it carries independent information about

current or future returns to wealth. Table 6 shows the average contributions to expected

returns from the three sources of risk revealed by the model, controlling for these

covariations. Panel A shows the time-series average of the covariations of emkt, rrf,

and bk-mkt with the real market return, Viw . These entries in Panel A are expressed as

annualized percentage returns for a unit increase in 
. As expected, the excess return on

the market commands positive risk premia. However, since the GARCH estimates imply

that bk-mkt covaries negatively with the real market return, the point estimate suggests

that bk-mkt should have negative expected returns due to the negative market beta.

Panels B and C show the contributions to the expected returns from the hedging

benefits against the changes in the investment opportunity set. Estimates in Panels B

and C are the terms Vih and Vi� from Eq. (23), respectively. The entries in Panel

B can be interpreted as the average contributions to expected returns for covariations

with changes in the forecasts of future market returns, per a unit increase in(
 � 1).

These estimates show that only the information content in emkt carries statistically

significant contributions to expected returns through this channel–a high current market

return forecasts lower cumulative future market returns. The point estimate for bk-mkt is

negative. The entries in Panel C are contributions to expected returns for a unit decrease

in 1
2
(
�1)2 that are attributable to an asset’s covariation with the changes in the forecasts

of future market volatility. However, these estimates are not statistically or economically

significant.

In summary, not only is the estimate of market beta of bk-mkt is negative, the evidence

of forecasting ability in bk-mkt is rather small. The point estimate for bk-mkt indicates that

it forecasts negative changes in future expected returns and fails to significantly forecast

future volatility. Therefore, the book-to-market effect has a negative market beta, and it

performs well when the prospects for the future turns sour (a good hedge against adverse
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changes in the investment opportunity set). The next section conducts a formal hypothesis

test of the asset pricing relation.

5.3 Hypothesis tests

The second implication of the model is that the risk premia across factors are linked to

each other through the parameter 
, which can be interpreted as a risk-aversion parameter.

Identifying this parameter allows formal hypothesis tests of the model to be conducted.

As described in Section 3.2, this parameter is identified by imposing the model to price

the market portfolio. In other words, I test whether the model jointly prices the equity

premium and the book-to-market effect. The estimate of 
 from the VAR system is 9.54,

with a standard error of 3.12.

This asset pricing relation is tested by examining the time-series averages of the

mispricing across time. Table 7 shows the portion of returns in the data that is not

explained by various models. The first column shows the time-series averages of the

conditional expected returns from the VAR-GARCH estimates, with an adjustment for

the Jensen’s inequality term. The Wald statistics test whether these effects are statistically

significant:

H0:E[rei ] +
Vii

2
= 0: (31)

The second column includes a term that controls for the conditional market beta and tests

whether a conditional CAPM explains these returns:

H0:

�
E[rei ] +

Vii

2

�
� 
Viw;t = 0: (32)

The last column includes terms for the risk premia that come from exposures to the

changes in the investment opportunity set, and it tests whether the changes in the

investment opportunity set can explain these returns:

H0:

�
E[rei ] +

Vii

2

�
�
�

Viw + (
 � 1)Vih � 1

2
(
 � 1)2Vi�

�
= 0: (33)

It should be noted that these statistics are functions of the estimates of the VAR-GARCH

parameters and 
, which means that the standard errors can be calculated using the Delta-

method.25

25 However, Bekaert and Hodrick (2001) have shown that when testing the Expectations Hypothesis the
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The Wald tests reject the hypothesis that the return on bk-mkt can be explained as risk

premia for exposures to the market risk and to changes in the investment opportunity set.

The return on bk-mkt is estimated to be 8.88% per year, but controlling for its negative

beta increases the returns to 12.68% per year. Adjusting for exposures to the changes in

the investment opportunity set explains very little of the returns; 12.71% per year is not

explained. Furthermore, the lower bound of the 95% confidence interval of the returns

remaining after controlling for these risks is 9.81%, and the Wald statistic rejects the

hypothesis that the book-to-market effect is consistent with the model. In summary, when

the constraints implied by the aggregate budget constraint are imposed, so that assets

are priced if they can forecast changes in the investment opportunity set and the risk

premia across assets are linked to risk-aversion, hypothesis tests reject the assertion that

the information content of bk-mkt can explain the asset’s historically high returns.

5.4 Significance of omitted factors

The VAR-GARCH analysis of the book-to-market effect indicates that the forecasting

ability of bk-mkt is not strong enough to interpret it as a factor that forecasts changes in

the investment opportunity set. This leaves open the question as to what other underlying

economic mechanism is needed to explain the book-to-market effect. One possibility

is that there exists a factor that has been left out of the VAR-GARCH specification or

that there is a missing component in the pricing kernel in addition to the consumption

growth rate and the aggregate market return. To understand the significance of a missing

mechanism, I construct a lower bound for the Sharpe ratio of the mimicking portfolio

associated with such an omitted factor. One lower bound is the Sharpe ratio for the portion

of the returns on bk-mkt and mom that is not explained by the model.

Suppose that the true pricing kernel contains another component, Xt:

Mt+1 = ��1
�
Ct+1

Ct

���2
�

(RW;t+1)
�3�1 (Xt+1)


x ; (34)

where 
x is an unknown parameter. One possible missing component is the “surplus

consumption ratio” of Campbell and Cochrane (1999). Bekaert and Grenadier (2001)

Wald statistic tends to over-reject the null hypothesis. To guard against making potentially misleading
inferences, an earlier version of this paper used the LM and the DM statistics to supplement the Wald
statistic and found lower statistical significance, but qualitatively similar results.
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and Barberis, Huang, and Santos (2001) offer the possibility of other state variables that

may enter the pricing kernel. What these papers have in common is that they introduce

time-variations in investor preferences to generate a new component in the pricing kernel.

There are alternative interpretations for a factor omitted from the VAR analysis. One

interpretation is that the omitted factor reflects the higher-order moment terms that was

left out of the approximation of the Euler equation. Another interpretation is that it comes

from a variable missing in the VAR-GARCH specification, rather than in the pricing

kernel. It is quite possible that the econometrician can never observe the true changes

in the investment opportunity set. Furthermore, Hansen and Richard (1987) criticize that

by conducting unconditional tests the econometrician misses the agents’ true conditional

information set. Hence, another interpretation for the missing factor is that it reflects the

true unobserved changes in the investment opportunity set.

For simplicity, suppose that the omitted factor provides information orthogonal to that

in ft, except possibly with bk-mkt. In this case, Appendix D shows that the mimicking

portfolio for such a factor, x, would have the property that: 
E[rei ] +

Vii
2
� (�0Vif ;t � ~�0SiV

~�)p
Vii

!
�
 
E[x] + Vxx

2p
Vxx

!
: (35)

The left-hand side of Eq. (35) is the return on bk-mkt adjusted for market risk and changes

in the investment opportunity set, divided by its standard deviation. It is the Sharpe ratio

of the portion of returns on bk-mkt that cannot be explained by the model. The right-

hand side of Eq. (35) is the Sharpe ratio of the omitted factor, controlling for the Jensen’s

inequality term. The interpretation of Eq. (35) is that the Sharpe ratio of the omitted factor

must be at least as large as the Sharpe ratio of the unexplained portion of asset returns.

The lower rows of Table 7 show the lower bounds on the Sharpe ratios for such an

omitted factor, expressed in annualized terms. The lower bound derived by the bk-mkt

system is 1.27, with a standard error of 0.14. As a comparison, the emkt has an annualized

Sharpe ratio of 0.54. Therefore, to justify the return on bk-mkt, there must be a missing

factor that is as valuable as the aggregate stock market in terms of Sharpe ratios. Ongoing

research investigates whether this is a plausible possibility.

In a setting without time-varying expected returns, MacKinlay (1995) argues that

risk-based models have difficulty matching the observed data, because these models

have bounded Sharpe ratios. MacKinlay shows that maximal Sharpe ratios in the
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data are too high to be consistent with any reasonable underlying asset pricing model,

without accounting for the implications of intertemporal asset pricing. He reasons that

a reasonable maximal Sharpe ratio is around 0:6. This paper shows that accounting for

changes in the investment opportunity set does little to mitigate this problem.

6 Concluding comments

One possible explanation for the historically high returns found in the cross-section of

stock returns is that these returns reflect compensation for risk exposures to adverse

changes in the investment opportunity set–an asset may earn a risk premium if it performs

poorly when investment prospects for the future turn sour. I develop an intertemporal

asset pricing model in which the pricing kernel depends upon the consumption growth

rate and the aggregate market return and estimate a system in which expected returns

and volatilities are time-varying. Restrictions implied by the model show that an asset

that earns risk premium for exposures to adverse changes in the investment opportunity

set should forecast future market conditions. Moreover, the model shows that factor risk

premia should be linked to a single parameter that can be interpreted as the willingness of

investors to bear risk. I investigate the extent to which the historical returns of portfolios

generated by the book-to-market effect can be explained as exposures to time-variations

in the forecasts of future market returns and future market volatilities. The results of this

study indicate that the book-to-market effect cannot be explained using these changes in

the investment opportunity set.

Empirically, the main difficulty in using changes in the investment opportunity set to

explain asset returns is that such changes are difficult to measure. While several papers

document time-variations in expected future market returns and volatilities, the empirical

validity of those results are not without debate (see, for example, Ang and Bekaert, 2001).

Moreover, book-to-market portfolios exhibit little covariation with such changes. The

intertemporal asset pricing model requires assets to either forecast future market returns

or covary with other state variables that do so. Moreover, it is not enough for an asset

(or a state variable) to forecast future market returns, but risk premia associated with

such factors have to be consistent with the willingness of investors to bear risk. These

restrictions implied by the model suggest that this class of model will have a difficult time

explaining the book-to-market effect.
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Of course, as with any empirical study, the results are only as valid as the assumptions

of the model. It is possible that there exist other components that are missing from

my model, such as state variables reflecting changes in investor preferences, higher-

order moments, or variables that are observable to the economic agents but not to the

econometrician. Works like Ang, Chen, and Xing (2002) and Ang and Chen (2003)

investigates some of these possibilities. Furthermore, this model assumes that capital

markets are perfect, that the pricing kernel depends on aggregate consumption growth

and aggregate market returns, and that the aggregate budget constraint is binding. Models

that incorporate market frictions, such as models in which these aggregation properties

do not hold, might also explain the variations in the cross-section of stock returns. While

ongoing research investigates these possibilities, this paper suggests that accounting for

the changes in the investment opportunity set does little in explaining the cross-section of

stock returns.

29



Appendices

A An implementation of Intertemporal CAPM
This appendix details the derivation of the intertemporal asset pricing model used in this paper. For
most parts, I follow Campbell’s (1993, 1996) implementation of Merton’s (1973) Intertemporal CAPM
to substitute out the consumption growth rate using the aggregate budget constraint. 26 The derivation
in this paper extends Campbell (1993) to allow for time-varying covariances. This implementation also
allows for conditionally non-normal distributions, but the higher-order conditional moments are assumed
to be constants across time. The derivation begins with a pricing kernel that has two components: the
consumption growth rate and the aggregate market return. This pricing kernel generalizes the pricing
kernel implied by the Epstein and Zin (1989) recursive utility function of the representative agent studied
by Campbell (1993).

Log-linear approximation of the budget constraint
Following Campbell (1993), the use of the consumption data in the model can be circumvented by

taking a log-linear approximation of the aggregate budget constraint. Let W t denote the aggregate wealth
level at the beginning of time period t, let C t be the time t consumption level, and let RW;t+1 be the total
rate of return on wealth from time t to t + 1 (the market return). Furthermore, let the lower-case variables
denote the natural logarithms of the upper-case variables. The aggregate budget constraint can be written
as

Wt+1 = RW;t+1(Wt �Ct); (A.1)
Wt+1

Wt

= RW;t+1(1 � Ct

Wt

); (A.2)

or �wt = rW;t+1 + log(1� exp(ct � wt)): (A.3)

Using the function, f(x) = log(1� exp(x)), and defining � � 1� exp(E[ct �wt]), the first-order Taylor
approximation of Eq. (A.3) about E[ct � wt] yields

�wt+1 = k + rw;t+1 + [
�� 1

�
](ct �wt) + o2(�); (A.4)

where k = �[��1
�
]E[ct � wt]. The parameter � is the steady-state ratio of aggregate invested wealth to

aggregate total wealth. The higher-order terms of o2(�) are the higher powers of the log consumption-to-
wealth ratio, (ct�wt). Hence, the accuracy of the approximation depends only on the variability of the log
consumption-to-wealth ratio. Since the constant term, k, turns out to play no further role, the approximation
error is not significant unless there are some time-variations in the higher-order moments of (c t � wt).

By definition,
�wt+1 = �ct+1 + (ct �wt)� (ct+1 �wt+1): (A.5)

Therefore, by combining Eqs. (A.4) and (A.5) and iterating forward,

k + rw;t+1 + [
�� 1

�
](ct � wt) = �ct+1 + (ct �wt) � (ct+1 � wt+1); (A.6)

26 Campbell’s (1993, 1996) model has been extensively studied in the portfolio allocation literature. See
Campbell and Viceira (2002) for a review.
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(ct �wt) = �k + �(ct+1 � wt+1) + �(rw;t+1 ��ct+1); (A.7)

=
�k

1� �
+

1X
s=1

�s(rw;t+s ��ct+s): (A.8)

The expectation of Eq. (A.8) can be substituted back into Eqs. (A.4) and (A.5) to yield

�ct+1 �Et[�ct+1] = (Et+1 �Et)
1X
s=0

�srw;t+s+1 � (Et+1 � Et)
1X
s=1

�s�ct+s: (A.9)

The interpretation of Eq. (A.9) is that to a first-order approximation any unanticipated increase in
consumption today must be financed by either higher future returns or lower future consumption.

Intertemporal asset pricing under a general pricing kernel
Suppose that the pricing kernel has only two components: the consumption growth rate and the rate of

return on aggregate wealth. In particular, suppose that the pricing kernel is of the form

Mt+1 = ��1
�
Ct+1

Ct

���2
�

(RW;t+1)
�3�1 (A.10)

for parameters �, �1, �2, and �3. This specification includes Epstein and Zin’s (1989) recursive utility
function representative agent as a special case. The pricing kernel implied by a recursive utility function
takes �1 � �2 � �3 � 1�


1�( 1
�
)
, where 
 is the risk-aversion parameter, � is the elasticity of intertemporal

substitution, and � represents the subjective discount factor. The power utility function is a particularly
special case in which � � 1



.

By using a second-order Taylor approximation to obtain the log-Euler equations, the following two
implications can be obtained:

Et[�ct+1] = constant + �t + �
�3

�2
Et[rw;t+1]; (A.11)

and Et[r
e
i;t+1] +

Vii;t

2
=

�2

�
Vic;t + (1� �3)Viw;t; (A.12)

where �t = 1
2

�
�2
�

�
Vart[�ct+1�� �3

�2
rw;t+1], rei;t+1 is the log-return on an asset i in excess of the risk-free

rate, Vii;t � Vart(rei;t+1), Vic;t � Covt(rei;t+1;�ct+1), and Viw;t � Covt(rei;t+1; rw;t+1).
Combining Eqs. (A.8) and (A.11) produces the following:

ct � wt = constant + (1� �
�3

�2
)Et

1X
s=1

�srw;t+s �Et

1X
s=1

�s�t+s: (A.13)

Lettau and Ludvigson (2001a) estimate the left-hand side of Eq. (A.13). In contrast, Campbell (1996),
Hodrick, Ng, and Sengmueller (1999), and this paper estimate the right-hand side of Eq. (A.13), in which
the consumption variable has been substituted out.

Eq. (A.13) can now be combined with Eq. (A.12) to produce:

Et[r
e
i;t+1] +

Vii;t

2
=

�
1 +

�2

�
� �3

�
Viw;t +

�
�2

�
� �3

�
Vih;t �

�
�2

�

�
Vi�;t; (A.14)

where rh;t+1 � (Et+1 � Et)
P1

s=1 �
srw;t+s+1, Vih;t � Covt(rei;t+1; rh;t+1), r�;t+1 � (Et+1 �

Et)
P1

s=1 �
s�t+s+1, and Vi�;t � Covt(rei;t+1; r�;t+1). The terms rh;t+1 and r�;t+1 reflect changes in the

expectations of cumulative future market returns and future market volatilities, respectively. These terms
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are not actually returns on any asset in particular, but the notations are chosen to maintain consistency with
prior work. These future expectations are cumulated as exponentially weighted sums, where the weights
are the powers of �.27 The first term in Eq. (A.14) reflects an asset’s covariation with the current market
return. The second term in Eq. (A.14) reflects an asset’s covariation with changes in the forecasts of future
market returns. The third term in Eq. (A.14) reflects an asset’s covariation with changes in the forecasts of
future volatilities of the consumption growth rates and the rates of market return. By simplifying the final
term, Vi�;t, the asset pricing relation in Eq. (A.14) can be rewritten as,

Et[r
e
i;t+1] +

Vii;t

2
=

�
1 +

�2

�
� �3

�
Viw;t +

�
�2

�
� �3

�
Vih;t � 1

2

�
�2

�

�2

Vi��;t; (A.15)

where r��;t+1 = (Et+1 �Et)
1X
s=1

�sVart+s[�ct+s+1 � �
�3

�2
rw;t+s+1]: (A.16)

Using the Law of Iterated Expectations, Eq. (A.11) can be plugged into the final term of Eq. (A.9) to
obtain:

�ct+1 � Et[�ct+1] = rw;t+1 �Et[rw;t+1] + (1� �
�3

�2
)rh;t+1 � 1

2

�2

�
r��;t+1: (A.17)

The interpretation of Eq. (A.17) is that an unexpected increase in consumption today must reflect either an
unexpectedly high aggregate return today, an improved prospects for higher returns in the future, or lower
uncertainty over future consumption and returns. The latter channel reflects reduced precautionary savings
due to reduced uncertainty.

Assume that the covariances between shocks to rw;t+1 (and powers of these shocks) and the changes in
the forecasts of future variances, (Et+1�Et)Vart+s+1[rw;t+s+1], are constants for all s. Then by plugging
Eq. (A.17) into Eq. (A.16), r��;t+1 can be rewritten as:

r��;t+1 = (1 � �
�3

�2
)2(Et+1 �Et)

1X
s=1

�sVart+s[rw;t+s+1 + rh;t+s+1]: (A.18)

Let r�;t+1 � (Et+1 � Et)
P1

s=1 �
sVart+s[rw;t+s+1 + rh;t+s+1] and Vi�;t � Covt(rei;t+1; r�;t+1). Then,

putting everything together, the asset pricing relationship is now

Et[r
e
i;t+1] +

Vii;t

2
= 
Viw;t + (
 � 1)Vih;t � 1

2
(
 � 1)2Vi�;t; (A.19)

where 
 = �2
�
� �3 + 1. Notice that a single parameter 
 determines the risk premium on each of the

three sources of risk. If there exists a representative agent with a recursive utility function or a power utility
function, the parameter 
 corresponds to the risk-aversion coefficient.

B Asset pricing relation under a multivariate VAR(1) -
GARCH(1,1) distribution

The asset pricing relation of interest is in the form

Et[r
e
i;t+1] +

Vii;t

2
= 
1Viw;t + 
2Vih;t + 
3Vi�;t; (B.1)

27 If one uses a second-order Taylor expansion in deriving Eq. (A.4), a new term appears in Eq. (A.14).

This term is
�
1��
�

��
1�

1��

�
Vi�;t, where � = (ct � wt)2 and Vi�;t � Covt(rei;t+1; r�;t+1). This term

represents an asset’s covariation with the conditional variances of the log consumption-to-wealth ratio.
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which is in terms of conditional expectations and conditional covariances. This appendix discusses the
asset pricing relation in detail when asset returns and state variables follow a joint multivariate VAR(1)-
GARCH(1,1) process. A VAR model is fitted to describe the dynamics of the conditional expected returns
of the variables in the system while a GARCH specification describes the dynamics of the conditional
covariances. In general, there is no need to make additional assumptions regarding the higher-order
conditional moments of the distribution. Specifically, there is no need to assume that the distribution is
conditionally normal.

Suppose that there is a total of K assets and state variables. Let the first element of the system be the
logarithm of the rate of return on aggregate wealth in excess of the risk-free rate. Let the second element
of the VAR be the logarithm of the risk-free rate minus the rate of inflation. The other K � 2 elements are
either excess returns of assets to be priced or state variables that forecast future returns or forecast future
covariances. Let ft denote a K-element vector of these variables.

Consider a first-order K-dimensional VAR system defined by

ft+1 = �+A(ft � �) + �t+1; (B.2)

where � = E[f ], A is a K � K parameter matrix, and �t+1 is a K-dimensional innovation in the vector
of state variables. Let Vt denote the variance-covariance matrix of the next period innovation, � t+1,
conditional on information at time t: V t = Et(�t+1�0t+1). Following Engle and Kroner (1995), let the
dynamics of the Vt be:

Vt = PP
0 +�Vt�1�

0 +	�t�
0
t	

0; (B.3)

for some lower-triangularK-dimensional matrix, P, and K �K dimensional matrices � and 	.
The left-hand side of Eq. (B.1), Et[rei;t+1]+

Vii;t
2 , can be derived immediately from this VAR-GARCH

specification. Let ei be a K-dimensional vector with a one in the i-th element and zeros elsewhere. From
Eq. (B.2), Et[r

e
i;t+1] = (�+A(ft � �))0ei. From Eq. (B.3), Vii;t = ei

0
Vtei.

The first term on the right-hand side of Eq. (B.1) contains the term V iw;t. Since rw;t+1 is the logarithm
of the total return on aggregate wealth, rw;t+1 = (e1+ e2)0ft+1. Therefore, Viw;t = (e1+ e2)0Vtei.

The second term on the right-hand side of Eq. (B.1) contains the term Vih;t, where

rh;t+1 � (Et+1 � Et)
1X
s=1

�srw;t+s+1: (B.4)

Under the VAR, the forecast at time t of the s-period ahead state variables is Et[ft+s] = � +As(ft � �).
Therefore, the change in the forecast of ft+s+1 due to a shock of �t+1 is

(Et+1 �Et)ft+s+1 = A
s�t+1: (B.5)

This function is the impulse-response of the s-period ahead variables in response to the innovations at time
t+ 1. By using Eq. (B.5),

rh;t+1 = (e1+ e2)0
1X
s=1

�sAs�t+1; (B.6)

= (e1+ e2)0�A(I � �A)�1�t+1 = �h
0�t+1; (B.7)

where �h
0 is defined as (e1+ e2)0�A(I � �A)�1. Therefore,

Vih;t = �h
0
Vtei: (B.8)

The third term on the right-hand side of Eq. (B.1) contains the term V i�;t, where

r�;t = (Et+1 � Et)
1X
s=1

�sVart+s[rw;t+s+1 + rh;t+s+1]: (B.9)
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Note that
Vart+s[rw;t+s+1 + rh;t+s+1] = (e1+ e2+ �h)

0
Vt+s(e1+ e2+ �h): (B.10)

To compute Vi�;t, let SiV;t denote the sum of the covariations of rei;t+1 with the changes in the forecasts of
future covariances of ft+s. That is,

SiV;t � Et

"
�ei;t+1

1X
s=1

�s(Et+1 �Et)Vt+s

#
; (B.11)

where �ei;t+1 = rei;t+1 � Et[rei;t+1]. If innovations are conditionally normally distributed, S iV;t = 0.
However, for a process in which the shocks are not necessarily conditionally normally distributed but the
conditional variance follows a multivariate GARCH(1,1) process described by Eq. (B.3), it can be shown
that

(Et+1 � Et)Vt+s = (�+ 	)s�1	(�t+1�
0
t+1 �Vt)	

0(�0 + 	0)s�1: (B.12)

Therefore, SiV;t can be rewritten as

SiV;t = Et

"
�ei;t+1

1X
s=1

�s(� +	)s�1	(�t+1�
0
t+1)	

0(�0 +	0)s�1

#
;

=
1X
s=0

�s(� + 	)s	Et[�
e
i;t+1�t+1�t+1

0]	0(�0 +	0)s: (B.13)

Note that SiV;t depends only upon the conditional co-skewness of r ei;t+1 with the innovations in ft+1. To
further simplify this expression, the following claim can be used.

Claim: Let B and C and be matrices such that BCB 0 exists and the eigenvalues of B 
 B are all
inside the unit circle. Suppose that � is a number such that j�j � 1. Then

1X
s=0

�sBs
C(B0)s = vec�1

�
(I� �(B
B))�1vec(C)

�
; (B.14)

where 
 denotes the Kronecker product and vec�1 denotes the inverse of the ’vec’ operator. 2

Proof. Let

D �
1X
s=0

�sBs
C(B0)s: (B.15)

Then,

�BDB0 =
1X
s=1

�sBs
C(B0)s; (B.16)

D� �BDB0 = C: (B.17)

By using Proposition 10.4 of Hamilton (1994),

vec(D)� �(B 
B)vec(D) = vec(C);

vec(D) = (I � �B 
B)�1vec(C);
1X
s=0

�sBs
C(B0)s = vec�1

�
(I � �(B 
B))�1vec(C)

�
: (B.18)
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By using this claim, Eq. (B.13) can be rewritten as

SiV;t = vec�1
�
(I � �(� +	)
 (� +	))�1vec(	Et[�

e
i;t+1�t+1�t+1

0]	0)
�
: (B.19)

Finally, by putting everything together, under these distributional assumptions, Eq. (B.1) can be rewritten
as

Et[r
e
i;t+1] +

Vii;t

2
= 
1Viw;t + 
2Vih;t + 
3Vi�;t; (B.20)

Et[r
e
i;t+1] = (�+A(ft � �))0ei;

Vii;t = ei
0
Vtei;

Viw;t = (e1+ e2)0Vtei;

Vih;t = �h
0
Vtei;

Vi�;t = (e1+ e2+ �h)
0SiV;t(e1+ e2+ �h);

where �h
0 = (e1+ e2)0�A(I � �A)�1 and SiV;t is defined by Eq. (B.19).

C Analytical calculation of the log-likelihood score of a
K-dimensional VAR(1)-GARCH(1,1)

This appendix outlines how one can analytically calculate the score of the log-likelihood function of a K-
dimensional VAR(1)-GARCH(1,1) system where the innovations are conditionally normal. Let f t denote
a K-element vector of variables. The conditional mean of ft is given by a first-order K-dimensional VAR
system defined by

ft+1 � � = A(ft � �) + �t+1; (C.1)

where � is a K-dimensional vector of unconditional means, A is a K �K parameter matrix, and �t+1 is
a K-dimensional vector of innovations in the variables. The variance of these innovations is assumed to
follow a multivariate GARCH(1,1) process.

Let Vt denote the conditional variance-covariance matrix of next-period innovation, � t+1, conditional
upon information at time t: Vt = Et(�t+1�0t+1).

28 Following the BEKK representation of Engle and
Kroner (1995), specify the dynamics of the conditional covariances as:

Vt = PP
0 +�Vt�1�

0 +	�t�1�
0
t�1	

0; (C.2)

for a lower-triangular K-dimensional matrix, P. For tractability, suppose that matrices � and 	 are also
both K-dimensional lower-triangular matrices.29

Under the assumption that the innovations are conditionally normally distributed, the log-likelihood
function of observations at times (0, � � � , T) from the VAR(1)-GARCH(1,1) model described by Eqs. (C.1)
and (C.2) is given by

L =
TX
t=1

�K
2

log(2�)� 1

2
log jVtj � 1

2
�0t+1V

�1
t �t+1: (C.3)

28 Note that the notation here differs from that found in the GARCH literature, in whichH t = Et�1(�t�0t).
I use the subscript t to denote the information available at time t rather than the innovation at time t.

29 It is also common to assume that � and 	 are symmetric rather than lower-triangular. The derivation
presented here can be easily modified to that case.
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The matrices, Vt, are calculated iteratively according to Eq. (C.2). Suppose that the initial conditionV 0 is
given exogenously. Note that the parameters of the VAR(1)-GARCH(1,1) are �, A, P, �, and 	. Stack
these parameters into a single vector, �, and let � denote an element of �.

The t-th score of the log-likelihood function, s t, is the derivative st � @Lt

@�
. Since the derivation is

more tractable in terms of V�1
t , write the t-th log-likelihood as

Lt =
�K
2

log(2�) +
1

2
log jV�1

t j � 1

2
�0t+1V

�1
t �t+1: (C.4)

Consider the derivative of log jV�1
t j with respect to the ij-th element of V�1

t . Note that

@

@(V �1
t )ij

log jV�1
t j = trace(V�1

t Iij) = (Vt)ji; (C.5)

where Iij is a matrix with a 1 in the ij-th entry and zeros elsewhere. Therefore, the derivative of log jV�1
t j

with respect to � is

@

@�
log jV�1

t j =
KX
i=1

KX
j=1

@ log jV�1
t j

@(V �1
t )ij

@(V �1
t )ij
@�

=
KX
i=1

KX
j=1

(Vt)ji
@(V �1

t )ij
@�

: (C.6)

For notational simplicity, define an operator J
 as follows. Let B = fbijg and C = fcijg be two
matrices of the same size. Define the operator J
 as

B J
C �
X
i

X
j

bijcij: (C.7)

With this operator, the derivative of log jV�1
t j with respect to � can now be written as

@

@�
log jV�1

t j = V
0
t J
 @V�1

t

@�
: (C.8)

Consider now the derivative of � 0t+1V
�1
t �t+1 with respect to the ij-th element ofV�1

t . Since �t+1 does
not depend upon (V �1

t )ij ,

@

@(V �1
t )ij

�0t+1V
�1
t �t+1 = �0t+1Iij�t+1 = (�t+1�

0
t+1)ij: (C.9)

Therefore, since V�1
t is symmetric, the derivative of �0t+1V

�1
t �t+1 with respect to � is :

@

@�
�0t+1V

�1
t �t+1 =

KX
i=1

KX
j=1

(�t+1�
0
t+1)ij

@(V �1
t )ij
@�

+ 2�0t+1V
�1
t

@�t+1

@�
;

= (�t+1�
0
t+1) J
 @V�1

t

@�
+ 2�0t+1V

�1
t

@�t+1

@�
: (C.10)

By using Eqs. (C.8) and (C.10) and the fact that @B�1

@�
= �B�1 @B

@�
B�1, the t-th score with respect to

� can be written as

@Lt

@�
=

1

2

�
�t+1�

0
t+1 �V0

t

�
J

�
V
�1
t

@Vt

@�
V
�1
t

�
� �0t+1V

�1
t

@�t+1

@�
: (C.11)
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From Eq. (C.1), the term @�t+1
@�

can be calculated as:

@�t+1

@�
=
h
� (IK �A)j � IK 
 (ft � �)0j0

i
; (C.12)

where IK denotes the K-dimensional identity matrix and 
 denotes the Kronecker product.
The term @Vt

@�
still needs to be derived. It turns out that @Vt

@�
must be calculated iteratively, since it

depends on @Vt�1

@�
and @�t

@�
. Note that since V0 is taken to be exogenous the starting condition for this

iteration is @V0

@�
= 0 and @�1

@�
.

Consider first the case in which � appears in either � or A. Note that since

@

@�
�t�

0
t = �t(

@�t

@�
)0 + (

@�t

@�
)�0t; (C.13)

we have
@Vt

@�
jf�2(�;A)g = �

@Vt�1

@�
�0 +	

�
�t(

@�t

@�
)0 + (

@�t

@�
)�0t

�
	0: (C.14)

Now note that, in general,
@

@Bij

BCB
0 = BCI

0
ij + IijCB

0; (C.15)

so that

@Vt

@�
jf�=(P)ijg = �

@Vt�1

@�
�0 +PI0ij + IijP

0; (C.16)

@Vt

@�
jf�=(�)ijg = �

@Vt�1

@�
�0 +�Vt�1I

0
ij + IijVt�1�

0; (C.17)

@Vt

@�
jf�=(	)ijg = �

@Vt�1

@�
�0 +	(�t�

0
t)I

0
ij + Iij(�t�

0
t)	

0: (C.18)

Eqs. (C.11), (C.12), (C.14), (C.16), (C.17), (C.18) and the starting condition @V0

@�
= 0 fully

characterize the score of the log-likelihood of the K-dimensional VAR(1)-GARCH(1,1) with conditionally
normal innovations.

D Construction of bounds on omitted factors
This appendix derives the bounds on the Sharpe ratio for the factor-mimicking portfolio associated with
a factor that may have been omitted from the pricing kernel. One example of an omitted factor is the
“surplus consumption ratio” of Campbell and Cochrane (1999). Bekaert and Grenadier (2001) and Barberis,
Huang, and Santos (2001) offer other state variables that enter the pricing kernel by affecting preferences.
Alternatively, the omitted factor could be interpreted as the “true” changes in the forecasts of future market
returns, which could not be observed perfectly in the data.

Suppose that the true pricing kernel has the form

Mt+1 = ��1
�
Ct+1

Ct

���2
�

(RW;t+1)
�3�1 (Xt+1)


x ; (D.1)

where the variable Xt represents an omitted component of the pricing kernel and 
x is a new parameter.
Under this pricing kernel, the asset pricing relation derived in Appendix A becomes

Et[r
e
i;t+1] +

Vii;t

2
= 
Viw;t + (
 � 1)Vih;t � 1

2
(
 � 1)2Vi�;t + 
xVix;t; (D.2)
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where xt is the logarithm of Xt and Vix;t � Covt(rei;t+1; xt+1).
Additionally, suppose that the information in the omitted factor x t comprises only the portion that is

orthogonal to the factors already included in the analysis, except possibly the asset the return of which
is to be explained. To formalize this, let i denote any investible factor included in the set of factors, f t,
and suppose that the omitted factor covaries with i but not with any other variable in the VAR. Assume
that the additional forecasting information introduced by x t is independent of the forecasting information
already documented in the original set of variables, ft. This is accomplished by taking the true model for
the dynamics of the economy as being given by�

ft+1 �E[f ]
xt+1 �E[x]

�
=

�
A Afx

0 Axx

� �
�f ;t+1
�x;t+1

�
; (D.3)

where A is the original VAR forecasting parameters under the omitted factor model of Eq. (B.2). Finally,
suppose that xt is not co-skewed with any of the included factors in ft. Since the omitted variable covaries
only with i, the omitted variable bias only affects the VAR estimates of the parameters associated with i.
Therefore, since some of the forecasting ability of i may be instrumenting for the forecasting ability of the
omitted variable xt, the bound constructed should be interpreted as the amount of new information x t must
provide in addition to that already captured.

Since the introduction of the omitted factor does not change the forecasting power of the included
factors, the impulse-response function for the included factors under the omitted factor model is the same
as that under the true model. Therefore, the price of risk under the true model is the same as in the omitted
factor model. From Eq. (30) under the true model, if i is investible, the expected return on the i-th asset is:

Et[r
e
i;t+1] +

Vii;t

2
= �

0
Vif ;t � ~�

0
SiV;t

~�+ �xVix;t; (D.4)

where � = 
(e1 + e2) + (
 � 1)�h;

~� =
1p
2
(
 � 1)(e1+ e2+ �h):

The parameter �x is the sum of 
x and the x-th element of � under the true VAR system. Similarly, if xt
is an investible factor, its expected return can be written as:

Et[xt+1] +
Vxx;t

2
= �

0
Vxf ;t � ~�

0
SxV;t

~� +�xVxx;t; (D.5)

= �iVix;t + �xVxx;t; (D.6)

where �i denotes the i-th element of �. Notice that �i in the true model is the same as in the omitted
variable model, since the lower-left elements of the true VAR system are zeros. Deriving the last equality
uses the assumptions 1) that the omitted factor doesn’t covary with the included factors except with i, and
2) that xt is not co-skewed with the elements of ft.

Taking the unconditional expectations of Eqs. (D.4) and (D.5), combining the two equations, and
solving for �x yields

E[rei ] +
Vii

2
� (�0Vif � ~�

0
SiV

~�) = �ix

p
Viip
Vxx

�
E[x] +

Vxx

2
� �iVix

�
(D.7)

= �ix
p
Vii

 
E[x] + Vxx

2p
Vxx

!
� �2ixVii�i;

where �ix is the correlation between rei , and the omitted factor, x. By rearranging and using the fact that
the correlation must be less than 1, 

E[rei ] +
Vii
2 � (�0Vif � ~�

0
SiV

~�)p
Vii

!
+ �2ixVii�i �

 
E[x] + Vxx

2p
Vxx

!
: (D.8)
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Suppose �i is non-negative30 , then 
E[rei ] +

Vii
2 � (�0Vif � ~�0SiV

~�)p
Vii

!
�
 
E[x] + Vxx

2p
Vxx

!
: (D.9)

Eq. (D.9) provide a lower bound for the Sharpe ratio of the omitted factor, which is the expected return
of the factor, plus the adjustment for the Jensen’s inequality effect, divided by the standard deviation of the
factor. The numerator of the lower bound includes the term E[rei ] +

Vii
2 minus �0Vif � ~�

0
SiV

~�, which
is the portion of expected returns not explained by the model. The denominator is the standard deviation
of i. Hence, the lower bound for the Sharpe ratio of the omitted factor is roughly the Sharpe ratio of the
unexplained portion of returns.

30 The negative �i case can be considered by replacing rei;t+1 with�rei;t+1.
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Table 1: Summary statistics

Panel A: Variables in the VAR system

Annualized Autocorrelation Lags
Variable Mean (%) Std. (%) 1 2 3 12
emkt 7.93 14.71 0.07 -0.03 0.00 0.04
rrf 1.32 0.90 0.42 0.41 0.35 0.31
bk-mkt 9.44 10.55 0.18 0.06 -0.03 0.20

dyld 3.57 1.01 0.99 0.98 0.96 0.81
term 0.68 0.91 0.96 0.90 0.84 0.51
dflt 0.87 0.37 0.97 0.93 0.90 0.67

Panel B: Contemporaneous correlations of the VAR variables

emkt rrf bk-mkt dyld term dflt
emkt 1.00
rrf 0.11 1.00
bk-mkt -0.37 -0.02 1.00
dyld -0.04 -0.08 -0.03 1.00
term 0.16 0.11 0.11 -0.17 1.00
dflt 0.08 0.20 0.01 0.48 0.11 1.00

The data set consists of monthly observations from April 1953 to December 1999 (N = 561). The first two
variables form a proxy for the real rate of return on the aggregate market portfolio. The variable emkt is
the rate of return on the value-weighted stock market portfolio in excess of the risk-free rate, and rrf is
the risk-free rate in excess of the rate of inflation (CPI growth rate). The one-month Treasury bill is used
as the risk-free rate. The next variable, bk-mkt, is the return on an equal-weighted portfolio that goes long
value stocks and shorts growth stocks and represents the book-to-market effect. The final three variables are
macroeconomic variables that have been found to possess forecasting ability over future market return: dyld
is the annualized dividend yield on the S&P 500 stock index, term is the annualized yield spread between
the 10-year and the 1-year U.S. Treasury bonds, and dflt is the annualized yield spread between Baa-rated
and Aaa-rated corporate bonds. All variables are expressed as continuously compounded annual returns.

Panel A shows the summary statistics of the variables in the VAR systems. The first column of Panel A
shows the annualized means with an adjustment for Jensen’s inequality, and the second column of Panel
A shows the annualized standard deviations. The last four columns show the autocorrelations at 1-month,
2-month, 3-month, and 12-month lags. Panel B shows the contemporaneous correlations among these
variables.
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Table 2: Specification tests of the VAR system

Panel A: Selection criteria for the VAR order

Lags 0 1 2 3
Schwarz -55.6 -65.7 -65.6 -65.4

Panel B: l-tests for residual serial correlations

emkt rrf bk-mkt dyld term dflt
�2(11) 8.0 54.3 3.3 14.8 19.3 16.0
[p-val] [0.71] [0.00] [0.99] [0.19] [0.06] [0.14]
�2(12) 9.9 54.3 9.8 15.8 19.8 16.2
[p-val] [0.62] [0.00] [0.64] [0.20] [0.07] [0.18]

Panel C Joint forecastability tests

emkt rrf bk-mkt dyld term dflt
�2(7) 20.3 68.2 19.8 10182 4006 5106
[p-val] [0.00] [0.00] [0.00] [0.00] [0.00] [0.00]

Panel A shows the Schwarz (1978) selection criterion for the lag order of the VAR system.
The appropriate lag length minimizes the Schwarz criterion.

Panel B presents the l-tests of Cumby and Huizinga (1992). The l-tests are conducted on the
residuals of each variable individually. These tests examine whether the serial correlations
of the residuals are jointly zero at lags of order 1 through 11 and at 1 through 12. The
asymptotic distributions of the l-statistics are � 2(11) and �2(12), respectively.

Panel C shows the Wald statistics for the null hypothesis of joint predictability of each
variable in the VAR system. The statistics test whether the coefficient estimates on the
lagged VAR variables are jointly zero. The test statistics are constructed using a GMM
heteroskedasticity- and autocorrelation-consistent estimator and include adjustments for
serial correlations using Newey-West (1987). The optimal order of Newey-West lags
is determined by the procedure of Andrews (1991) to be three for each system. The
asymptotic distribution of the test statistics is � 2(7).
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Table 3: VAR forecasting equations

Panel A: VAR parameter estimates

�jA Mean emktt rrft bk-mktt dyldt termt dfltt adj. Rsq
emktt+1 0.473* 0.039 0.675 -0.118* 0.284 0.488* -0.078 2.0%
(s.e.) (0.135) (0.056) (0.713) (0.058) (0.203) (0.206) (0.643)
rrft+1 0.111* -0.002 0.472* 0.004 -0.022* -0.005 0.084* 18.1%
(s.e.) (0.022) (0.003) (0.053) (0.003) (0.009) (0.010) (0.027)
bk-mktt+1 0.679* 0.111* 0.122 0.264* -0.138 0.221 0.102 5.5%
(s.e.) (0.201) (0.038) (0.513) (0.050) (0.159) (0.155) (0.461)
dyldt+1 3.103* -0.015* -0.033 0.002 0.990* -0.014* -0.018 98.8%
(s.e.) (0.325) (0.001) (0.022) (0.002) (0.005) (0.005) (0.020)
termt+1 0.472* 0.000 0.088 0.005 0.009 0.953* 0.085 92.5%
(s.e.) (0.165) (0.003) (0.057) (0.005) (0.012) (0.019) (0.054)
dfltt+1 0.794* -0.004* 0.004 -0.004* 0.015* -0.013* 0.957* 94.8%
(s.e.) (0.082) (0.001) (0.020) (0.002) (0.005) (0.006) (0.014)

Panel B: Variance-covariance parameter estimates

P*100 emktt rrft bk-mktt dyldt termt dfltt
emktt 3.601*
(s.e.) (0.474)
rrft -0.048 0.128*
(s.e.) (0.026) (0.047)
bk-mktt -0.645* 0.355 -0.428*
(s.e.) (0.258) (0.199) (0.209)
dyldt -0.086* -0.043 -0.043* 0.037
(s.e.) (0.011) (0.028) (0.021) (0.031)
termt 0.041* -0.007 -0.131 -0.198* 0.061
(s.e.) (0.020) (0.022) (0.096) (0.062) (0.149)
dfltt 0.006 0.012 0.002 0.006 0.084* -0.002
(s.e.) (0.005) (0.010) (0.028) (0.045) (0.008) (0.011)

Panel C: GARCH parameter estimates

� emktt rrft bk-mktt
emktt 0.488*
(s.e.) (0.183)
rrft 0.029* 0.001
(s.e.) (0.013) (0.001)
bk-mktt 0.031 0.938*
(s.e.) (0.069) (0.022)

	 emktt rrft bk-mktt
emktt 0.142
(s.e.) (0.079)
rrft -0.011 0.617*
(s.e.) (0.012) (0.121)
bk-mktt -0.159* 0.047*
(s.e.) (0.039) (0.022)

This table shows the parameter estimates of the VAR(1)-GARCH(1,1) model of the multivariate system
containing the excess stock market return (emkt), the real risk-free rate (rrf ), the return on the book-to-
market portfolio (bk-mkt), the dividend yield (dyld), the term spread (term), and the default spread (dflt).
The parameters of the model are estimated using QMLE with analytical gradients. The standard errors are
calculated by GMM with the scores of the QMLE as the orthogonalityconditions using a heteroskedasticity-
and autocorrelation-consistent estimator with Newey-West (1987) lags of order three. Parameter estimates
marked by an asterisk (*) are asymptotically significant at the 5% level.
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Table 4: Estimated coefficients of (co-)skewness

emktt emktt rrft bk-mktt
emktt -0.767*
(s.e.) (0.186)
rrft -0.038 -0.066
(s.e.) (0.054) (0.053)
bk-mktt 0.280* -0.040 0.263*
(s.e.) (0.104) (0.031) (0.104)

rrft rrft bk-mktt

rrft -0.352*
(s.e.) (0.152)
bk-mktt 0.002 0.034
(s.e.) (0.055) (0.058)

bk-mktt bk-mktt

bk-mktt 0.138
(s.e.) (0.187)

This table shows the estimates of the (co-)skewness of the residuals from the VAR-GARCH models. The
i; j-th entry of the k-th block indicates the estimate of s ijk = E[�i;t�j;t�k;t]. The estimates are expressed
as coefficients of (co-)skewness by scaling them by the standard deviations of �i;t, �j;t, and �k;t. Only the
(co-)skewness relating to emkt, rrf, and bk-mkt are shown for brevity. The standard error estimates are
obtained using a heteroskedasticity- and autocorrelation-consistent estimator with Newey-West (1987) lags
of order three. Parameter estimates marked by an asterisk (*) are asymptotically significant at the 5% level.

Table 5: Weighted sums of impulse-responses, �h

emktt rrft bk-mktt dyldt termt dfltt
1200 � �0h -0.210* 1.352 -0.061 14.943* 2.446 1.412

(s.e.) (0.072) (1.033) (0.078) (4.895) (2.328) (5.506)

This table shows the weighted sums of the impulse-responses of the real market returns across all future
horizons, �h = (e1+ e2)0�A(I � �A)�1. The units are in terms of the weighted sums of percentage
cumulative future returns (%) in response to a 1% shock in a variable today. The impulse-responses are
exponentially weighted at the rate � = 0:9949.

The standard errors are calculated using a heteroskedasticity- and autocorrelation-consistent estimator with
Newey-West (1987) lags of order three. Parameter estimates marked by an asterisk (*) are significant at the
5% level.
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Table 6: Average contributions to expected returns

Panel A: From hedge against the current market return

1200 �E[Viw] emktt rrft bk-mktt
1200 �E[Viw] 2.591* 0.017 -1.331

(s.e.) (0.569) (0.040) (0.738)

Panel B: From hedge against changes in the forecasts of expected return

emktt rrft bk-mktt
1200 �E[Vih] -0.959* 0.005 -0.653

(s.e.) (0.420) (0.009) (1.500)

Panel C: From hedge against changes in the forecasts of volatility

emktt rrft bk-mktt
1200 �Vi� -0.002 0.000 0.000

(s.e.) (0.003) (0.000) (0.001)

This table shows the average contributions to annualized percentage expected returns of emkt, rrf, and bk-
mktt from various sources of risk. The three sources of risk are the current market return, the changes
in forecasts of future expect returns, and the changes in forecasts of future volatilities. The contributions
are inferred from the estimates of VAR-GARCH parameters and unconditional skewness. The impulse-
responses are exponentially weighted at the rate � = 0:9949. The standard errors are calculated using a
heteroskedasticity- and autocorrelation-consistent estimator with Newey-West (1987) lags of order three.
Parameter estimates marked by an asterisk (*) are significant at the 5% level.

Panel A shows the average covariances with the real market returns. These covariances can be interpreted
as the average contributions to expected returns from the market beta. The contributions are expressed as
annualized percentage returns for a unit increase in 
.

Panel B shows the discounted sums of the impulse-responses scaled by the unconditional covariance matrix.
These estimates can be interpreted as the average contributions to returns for a unit increase in (
�1) from
hedging against changes in forecasts of future expected returns.

Panel C shows the cumulative impact on future volatility. These estimates can be interpreted by the asset
pricing relation of Eq. (21) as the contributions to expected returns for a unit decrease in 1

2 (
 � 1)2 from
hedging against changes in forecasts of future volatility.
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Table 7: Returns left unexplained by the models

Conditional Intertemporal
No model CAPM CAPM

bk-mkt effect 8.88% 12.68% 12.71%
(s.e.) ( 1.54%) ( 1.82%) ( 1.48%)
Wald 33.24 48.79 73.55
[p-val] [ 0.00 ] [ 0.00] [ 0.00]
Lower bound 1.27
(s.e.) ( 0.14 )

This table shows the returns of the book-to-market effect left unexplained by various models. The first
column, labeled “No model,” shows the time-series averages of Et[r

e
i;t+1] +

Vii;t
2 , implied by the VAR-

GARCH models. The second column, labeled “Conditional CAPM,” is the average unexplained returns
after accounting for the conditional market beta. The third column is the average unexplained returns after
accounting for the market beta and hedges against changes in forecasts of future market returns and future
market volatilities. The returns are expressed as annualized percentages.

The Wald statistics are for the tests of the hypothesis that the returns left unexplained by the models are
zero. The “Lower bound” is the lower bound of the Sharpe ratio for an omitted factor that would account for
the unexplained portion of each return. The Sharpe ratios are expressed as annualized values. The standard
errors and p-values are calculated using a heteroskedasticity- and autocorrelation-consistent estimator with
Newey-West (1987) lags of order three.
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Figure 1: Plots of the variables in the VAR systems
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This figure shows the variables in the VAR systems. Panel A shows the cumulative excess return of the
market, emkt, and the real risk-free rate, rrf. The plot graphs the cumulative value of a $1 invested ($1
long and $1 short) in April 1953 and left in the asset. The y-axis is a logarithmic scale. Panel B shows the
cumulative returns on the book-to-market portfolio, bk-mkt. Panel C shows the dividend yield, dyld, and the
default spread, dflt, in annualized, continuously compounded terms. Panel D shows the term spread, term,
in annualized, continuously compounded terms.
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Figure 2: Estimates of conditional expected returns from VAR(1)
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This figure shows the estimated conditional expected returns of emkt and rrf implied by the VAR estimates
of the bk-mkt system. The results from the size and mom systems are similar. The plots also show the
realized returns on emkt and rrf. The returns are expressed as continuously compounded monthly returns.
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